It was recently shown by Witten on the basis of several examples that the topological B-model whose target space is a Calabi-Yau (CY) supermanifold is equivalent to holomorphic Chern-Simons (hCS) theory on the same supermanifold. Moreover, for the supertwistor space CP 3|4 as target space, it has been demonstrated that hCS theory on CP 3|4 is equivalent to self-dual N = 4 super Yang-Mills (SYM) theory in four dimensions. We consider as target spaces for the B-model the weighted projective spaces WCP 3|2 (1, 1, 1, 1|p, q)
Introduction and results
Recently, Witten has shown [1] that there is a one-to-one correspondence between the moduli spaces of holomorphic Chern-Simons (hCS) theory [2] as target space (for related works see [3] - [9] ). Therefore, string theory considerations can help to clarify properties of quantum N = 4 SYM theory (see e.g. [10] - [13] ). and parametrized by the moduli (x αα ) ∈ C 4 . Thus, the complexified spacetime C 4 can be identified with the moduli space of holomorphic sections of the bundle P 3 → CP 1 .
The action of the map τ on the x αα is given by 8) which is Euclidean, (g µν ) = diag(+1, +1, +1, +1), due to (2.7). Other real structures on P 3 produce a metric of signature (+ + − −) on IR 4 (see e.g. [15] ).
Note that topologically, P 3 is the direct product
with coordinates (x µ , λ ± ). Therefore, on the patches U ± covering P 3 one can use either the complex coordinates (2.1) or coordinates (x µ , λ ± ). In fact, the formulas (2.5) together with their complex conjugates define a diffeomorphism of IR 4 × CP 1 onto P 3 . Its inverse is given by 
where λα ± = ǫαβλ ± β with ǫ12 = 1 and
We use ǫαβǫβγ = δγα. Thus, the vector fields
form a basis of vector fields of type (0, 1) on U ± ⊂ P 3 in the coordinates (x αα , λ ± ). For more details on the geometry of the twistor space P 3 , see e.g. [16] and references therein. 
where Ω is a nowhere vanishing holomorphic volume form and A 0,1 denotes the (0, 1)-
It is assumed that A 0,1 contains no antiholomorphic fermionic components and depends only on ρ i as well as on (ω α , λα) and (ω α ,λα). The action (3.1) leads to the field equations∂
Note that for constructing solutions to these equations, one can use a generalization of the Riemann-Hilbert problem based on the equivalence of theČech and Dolbeault descriptions of holomorphic bundles [17] .
Local coordinates. Consider now an open subset of
. It can be covered by two patches, which we denote byÛ ± . Since the body of the CY supermanifold WP 3|2 (p, q) is the twistor space P 3 , we may take the coordinates given in (2.1) as bosonic coordinates onÛ ± and as fermionic ones and
Here, " " denotes the interior product of vector fields with differential forms. As usual in the twistor approach, we shall assume that there exists a gauge in which the components Aλ ± are zero. This corresponds to the holomorphic triviality on any CP
of the holomorphic vector bundle which is associated to any solution of hCS theory. Note that generically, the gauge field A 0,1 on WP 3|2 (p, q) can be expanded in terms of the odd coordinates ρ i according to [18] , elements of these cohomology groups correspond to solutions of the field equations for massless fields of helicity s on the space IR 4 ; the latter being parametrized by x αα . In the next section, we describe this correspondence beyond linearized level.
Field models on IR 4 equivalent to hCS theory on WP 3|2 (p, q)
From now on, we shall work in the patchÛ + of WP 3|2 (p, q) and for notational simplicity we omit the subscript and the superscript "+" in all expressions except when confusion may arise. and Aλ on λ andλ up to gauge transformations. Namely, we obtain
HCS theory on WP
In (4.1), all the fields A αα , χ α , χα, Gαβ, χ ααβ and G ααβγ depend only on (x αα ) ∈ IR 4 .
Substituting (4.1) into (3.4), we get the equations
showing that χ ααβ and G ααβγ are composite fields describing no independent degrees of freedom. Here, parentheses denote normalized symmetrization with respect to the enclosed indices and
The remaining equations are given by which can be obtained from (3.1) by integration over the fermionic coordinates and over the sphere CP 1 . Note that this action has an obvious supersymmetry. The transformation laws are given by
where ξα is a constant (anticommuting) spinor. The action (4.5) describes a truncation of the self-dual N = 4 SYM model [19] for which all the scalars and three of the dotted and three of the undotted fermions are put to zero.
HCS theory on WP 3|2 (2, 2). Now we consider the case p = q = 2, i.e. the fermionic coordinates ρ i take values in the line bundle O(2). The equations of motion of hCS theory on WP 3|2 (2, 2) have the same form (3.4). Again, the functional dependence on λ and λ is fixed up to gauge transformations by the geometry of WP 3|2 (2, 2). Namely, this dependence has the form
where again the coefficient fields do only depend on (x αα ) ∈ IR 4 and λα, γ andλα are given in (2.12) and (4.2), respectively. Substituting (4.7) into (3.4), we obtain the following equations:
The remaining nontrivial equations read
The associated action functional is given by following from (3.4). Solutions to these equations describe tangent vectors δA αα (with assigned odd parity) to the solution space of the self-duality equations (4.9a) [20, 21] . However, due to the first equation in (4.8) (which solves (4.11a) and reduces (4.11b) to HCS theory on WP 3|2 (4, 0). Finally, we want to discuss the case in which the fermionic coordinate ρ 1 has weight four and ρ 2 weight zero, i.e. we consider WP 3|2 (4, 0). The field equations of hCS theory on WP 3|2 (4, 0) have the form (3.4) , where the vector fieldsV ± α and ∂λ ± are given in (2.13). Proceeding as in the previous two subsections, we obtain the following field expansions:
(4.14)
All the Lie-algebra valued fields appearing in the expansions (4.14) depend only on (x αα ) ∈ IR 4 . Note also that A αα , Gαβ and G ααβγ are bosonic while ψ αα , χαβ and χ ααβγ are fermionic fields. Substituting (4.14) into (3.4), we obtain χ ααβγ = −∇ α(α χβγ ) and G ααβγ = −∇ α(α Gβγ ) − {ψ α(α , χβγ ) } . This time, the multiplet contains a spacetime vector ψ αα and an anti-self-dual two-form χαβ which are both Graßmann odd. Such fields are well known from topological Yang-Mills theories [20, 21] . In this respect, the model (4.16), (4.17) can be understood as a truncated self-dual sector of these theories. This may lead to other truncations of topological Yang-Mills theories.
